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Abstract 

For the structure functions of the quark propagator, the asymptotic behavior is 
obtained for general, hnear, covariant gauges, and in all directions of the complex 
/c^-plane. Asymptotic freedom is assumed. Corresponding previous results for the 
gauge field propagator are important in the derivation. Except for coefficients, the 
leading asymptotic terms are determined by one-loop or by two-loop information, 
and are gauge independent. Various sum rules are derived. 
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In a previous paper fT]], we have obtained the asymptotic behavior of the gauge 
field propagator in general, covariant, linear gauges, and for all directions in the com- 
plex /c^-plane. Given asymptotic freedom of the theory, we found interesting sum 
rules |]T|, 0. Except for coefficients, the functional form of the leading asymptotic 
terms is gauge independent, and determined by the one- loop anomalous dimension 
coefficient 700 and the corresponding /^-function coefficient Pq. The asymptotic prop- 
erties, and the related superconvergence relations, are of interest for the problem 
of confinement [0, Q . If applied to certain models of = 1 supersymmetric gauge 
theories P, ^ , the results obtained concerning the confinement of gauge field quanta, 
on the basis of superconvergence, are in agreement with those derived from duality 
0, 1^ . In particular, there are interesting relations between the one-loop anomalous 
dimension coefficient 700 of the SUSY gauge theory and the one-loop /3-function 
coefficient of the dual map 0. These relations underline the relevance of the sign 
of the coefficient 700 for super cover gence, duality and confinement. 

It is the purpose of this note to present general results for the quark propaga- 
tor. We obtain the asymptotic terms of the structure functions in general, linear, 
covariant gauges. Except for the case of the Landau gauge, which has been con- 
sidered before p|, H, the previous results for the gauge field propagator play an 
important role in the derivation. Again only anomalous dimension and /3-function 
coefficients in lowest non- vanishing order of perturbation theory are relevant, and 
gauge dependence is limited. 

Our results are based upon general principles only. We use Lorentz-covariance, 
and minimal spectral condition as formulated in the state space of indefinite metric 
of the gauge theories considered For some results, we assume that the exact 
amplitudes connect with the weak coupling perturbative expressions in the limit of 
vanishing coupling, at least as far as the leading term is concerned. Our main tool 
is the renormalization group. We do not consider topological aspects of the theory. 
They should not be of importance within our general framework. 

In this report, we concentrate on the derivation of the asymptotic terms. Possible 
applications, in particular generalizations to SUSY theories and their dual maps, will 
be explored elsewhere. One may hope to find further correlations between the phase 
structure of the SUSY systems, as inferred from duality, and specific properties of 
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the propagators. Since we are interested in asjTiiptotic expressions, it is sufficient 
to consider theories with no external mass parameters in the action. Possible non- 
perturbative mass generation is not excluded. 
We write the "quark" propagator 

-tSf{k) = J d'^xexp'''-^{0\Tilj''{x)^^{0)\0) (1) 

in the form 



-iSF{k) = A{e)V^ + B{k^)-^-k, (2) 

where gauge and spinor indices have been suppressed. With < as the normal- 
ization point, we have the renormalization group equation 

ip{x, g', a', k'"^) = g, a, k^) , (3) 

and corresponding relations for other fields. Here 

Z, = Z,^^,g,ay g' = g[^^,gy 

a = a\—,g,a\ = aR \—,g,a\, (4) 

where R = —k'^D{k'^,K,'^,g,a) being the structure function of the transverse gauge 
field propagator with the normalization -R(l, g, a) = 1. It is convenient to introduce 
dimensionless structure function by 

- ^Aie, k\ g,a) = S (^^, , - eB{e, k\ g,2) = T (^^, g, . (5) 

Here we chose the normalization 

T{l,g,a) = l. (6) 

With Eqs. (P, (§) and (j^), we can write the renormalization group equations for 
the functions T and S in the form 
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(8) 

because our normalization implies ^2"^ = T and Z^^^ = R. The primed parameters 
g' and a' are given in Eq.(|D. In a situation, where the theory has unbroken chiral 
symmetry, the structure function A vanishes identically. But if we allow for the 
possible non-perturbative mass generation, we expect a nonzero function, which 
vanishes in the perturbative limit. 

As a consequence of Lorentz covariance and simple spectral conditions formu- 
lated in the state space of indefinite metric, it follows that the structure functions 
(distributions) B^k"^ + iO) and A^k"^ + iO) are boundary values of corresponding 
analytic functions, which are regular in the cut fc^-plane with branch lines along 
the positive real fc^-axis. In the following, we first use the renormalization group 
in order to obtain the asymptotic behavior of these functions for k'^ —>■ —00 along 
the negative real fc^— axis. We then generalize the results to all directions in the 
complex fc^-plane 0. For this purpose, we consider Eqs.(0J^) with k'^ = — 
A;2 = -\e\e'^^ 101 < TT, and find 

(9) 

where g = g{\^\,g), and a = a{\^\, g, a). There is a corresponding expression for 
the function S, but in the following, we first discuss only T. 

Assuming that the exact structure functions approach their perturbative limits 
for (yf2 ^ 0, at least as far as the leading terms are concerned, we have for vanishing 
coupling: 




)-( 












^2 







g,a\ ~ 1 + 5f^7Foia In ^ + ■ 
/ 1^ 



g,a] ~ 1 + s^Sfoi In — + 



for a 7^ 



for a = (10) 

In these equations, the anomalous dimension coefficients of the quark field are de- 
fined by '^pig'^.oi) = 7Fo(a)fl'^ + 7Fi(a)/ + ■■■ , with 7Fo(a) = Ifoo + "Tfoi, 
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7Fi(a) = 7Fio + tt7Fii + a^7Fi2- We consider here QCD, or similar theories, so that 
we always have 7^700 = and (167r^)7iroi = C2{R) > 0, with C2{R) = 4/3 in QCD. 
For SUSY theories, on the other hand, we generally find 7iroo 7^ for the Fermi 
field in the Wess-Zumino representation. These theories will be discussed elsewhere. 
Since g^{u,g) ~ {—Po\nu)~^ and a{u,g,a) = aR~^{u, g,a) ^ or = —700/701 
for u 00, a > 0, and in view of the analytic properties of the structure functions, 
we see that Eq.(^) gives the asymptotic behavior in all directions in terms of the 
limit for real k"^ —00. 

In order to make use of the renormalization group, we differentiate Eq.(|^ with 
respect to k'^, setting k'^ = k'^. Then we obtain the differential equation 

u = iFig , a)T{u, g, a), (11) 



where u = /c^/k^, k"^ < and g'^ = g'^{u,g), a = d{u,g,a) = aR'^{u, g, a) and 
7ir((y'^,a) = u ^^^gl^'""^ \ u=i, P{g^) = u ^^ ^du'""^ \ u=i- It Is Convenient to introduce 
g'^{u,g) as a new variable. With (3{g'^) = we write 

T{f;g^a) = T(^^,g,ay (12) 

and obtain the equation 

d\nT{f;g\a) iF^f^a) 



d-f m) ■ ^^^^ 

Here we have used a{u,g,a) = a{g'^] g'^,a) = aR~^{g'^] g'^,a). If we consider 
R{9^] 9^1 ot) as given, we can write the solution in the form 

T(§-/,„)=expf"d.2£(5^£L9^, (14) 

V I3{x) 

where use has been made of the normalization condition (^): Tlg"^; g'^,a) = 1. 

We are interested in the asymptotic expansion of T((7^; g"^, a) for g"^ 0. Be- 
cause of the appearance of the gauge field structure function i? for a 7^ 0, we have 
to consider separately the two cases for different signs of the one loop gauge-field 
anomalous dimension coefficient 700 = 7o(a = 0), and the possibility that 700 = 0. 
For the expansion of R{g'^]g'^,a) = R{^,g,a) = —k'^D{k'^,K'^,g,a) in the limit 
g^ 0, we have obtained in Ref. |ll] the leading terms 
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o-^7ooj {9 



+ - + + (15) 

ao ao Po 1 - 4^ 

where a > and ^ = 700 //5o 7^ has been assumed. The coefficients are defined by 

"0 = -700/701, Pi^g"^) = Po9^ + Pi9^ H , 7(5'^ «) = 7o(tt)5'^ + 7i(«)fl''^ H , with 

7o(a) = 7oo + «7oi , 7i(«) = 7io + «7ii + «^7i2 • The special case 700 = will be 
discussed later. For a = 0, the coefficient Cr^q'^, a) can be written in the form 

C«(/,0)^,/)-e.p/;..(^-g, ,10) 

and we have Cptig'^, 0) > 0. For a > 0, we consider only parameters [g"^, a) such that 
Cr^q^, a) > 0. In this paper, we discuss non-negative values of the gauge parameter 
a. For these values of a, the transition of exact expressions to the perturbative weak 
coupling limit is possible. Negative values of a have been considered by Nishijima 
in a nonperturbative framework . Distribution aspects of the structure functions 
have been discussed in M. 



7oo//^o < : Let us first consider the case ^ = ^ < 0, corresponding to 700 > 0, 

13 _ 2 ^ 

/?o < 0. We assume here that a > 0. For QCD, we have ^ = ^^f]^, so that 
^ < corresponds to 10 < Np < 16, where |^| < 1 for Np < 13 and |^| > 1 for 

u<Nf< 16. g 

Using Eq. ([15|), we expand the integrand in Eq. ([l^ ) as an asymptotic series for 
(7^ 0. Keeping only essential terms. Since 7i7'0D = for QCD, we find 

+^ + ---. (17) 



•^For iV — 1 SU{Nc) SUSY gauge theory in the Wess-Zumino representation, we have ^ < for 
fiVc <Nf < 3Nc, ICI < 1 for fiVc < Np < |A^c and |C| > 1 if fiVc < Np < SNc- Here Np is 
the number of flavors in the regular representation. 
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With ^ < 0, the number of singular terms depends upon the magnitude |.^|. But all 
terms are integrable at the origin, and we obtain for the asymptotic expansion of T: 

T{f-g\a) ^ T{Q-g\a){l-a^-^C],\f)-^ 

I 7oo 



^7oo V 7oi 



+ ...}. (18) 

where terms of order {g'^Y~^, [g"^)'^^ ■ ■ ■ have not been written out. We see that, 
for all < 0, we have a finite limit T(0; g"^, a) for g'^ —>■ 0. For the approach 
to T{0; g'^,a), which is given by Eq.(|l4D with g"^ = 0, the one-loop (^^)~^-term is 
relevant for |^| < 1, otherwise the two loop g'^-teim involving 7fio- 

So far, we have obtained the asymptotic behavior of the function T for ^ 
provided ^ < 0. With T = —k'^B{k'^), we obtain then for k"^ — oo along the 
negative real /c^-axis: 

-k'B{k\K',g,a) ^ T(0;/,a)|l-a^C^^f-/3oln^y + --- 

[ 700 V / 

where only the essential terms have been written out. In order to obtain the asymp- 
totic properties for all directions in the complex k"^— plane, we use Eqs. (|]) and (p!0D, 
and find that Eq.(|TU]) is also valid for general directions. In view of the bound (|T^, 
we can write an un-subtracted dispersion representation for B{kP') : 

For the leading asymptotic term of the discontinuity pb, 'v^e obtain then for the case 
< under consideration. 
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+7Fiof-/5oln7^1 +■■■}. (21) 




Since —k^B{k^) — T{0;g'^,a) vanishes at infinity, the difference is superconvergent, 
and we obtain the sum rule 

/oo 
depB{k\K\g,a) = T{Q-g\a). (22) 
-0 

It is important to emphasize, that equal-time commutation relations have not been 
used in our arguments. Sum rules similar to Eq. (|22|) are usually obtained in field 



theory on the basis of these relations and with additional assumptions |T^. But 
equal time limits are very delicate in general field theories . 



We conclude that, for ^ < (10 < Np < 16 in QCD), the structure function 
—k'^Bik'^) approaches a constant for all a > 0. Note that all our formulae are valid 
for a = 0, where the situation simplifies considerably, because there is no dependence 
of the renormalization group equations upon the gauge field propagator. In the 
Landau gauge a = 0, the asymptotic expressions (jTUp and ( pi] ) are independent of 
the parameter ^. 

We complete the discussion of the case ^ < with the asymptotic expressions 
for the function A{k'^) defined in Eq.(2). In all directions of the fc^-plane, we find 
with Eq. (^ , and in analogy to Eq. _ 

^'^ ,(?,a)5(e'^^,«), (23) 





with g and a as functions of \k'^ / as given below Eq.(H). For k"^ — >■ — oo, we have 
a ^ for the case ^ < 0, and (f ^ (— /^o In ^)~^- Since we have assumed that there 
are no mass parameters in the action, the coefficient S on the right hand side of Eq. 
( p3D should vanish for — > 0. The details of this limit depends upon the specifics 
of possible mass generation, which we do not discuss here. We simply assume that 
S{^,g,a) ~ (5'2)'*'5'o(a) for g"^ — > 0, where we consider A > 1. With this Ansatz, 
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we obtain from Eq. (^), in the limit fc^ —>■ oo, the leading term : 



.2\ -A 



- eA{e, k\ g, a) ^ T(0; g', a)So{0) f -/5o In ^ ) + ■ • • , (24) 



and for the discontinuity we have 



.2 \ -i-A 



epA{k\ k\ g, a) ~ T(0; g^, a)^o(0)(-/3oA) f -/3o In ^ 1 + • • • . (25) 



with S'(O) = S{a — > 0). We again can write an un-subtracted dispersion relation for 
^(/c^), and since it vanishes faster then (fc^)~^ for k"^ —>■ oo, actually for any A > 0, 
we have the superconvergence relation 



oo 

2 „ / l2 .2 



dk^PA{k\K\g,a) = 0. (26) 



In the presence of mass generation, this relation expresses the absence of a mass 



parameter in the original action [14 



loo/Po > : We now turn to the case ^ = ^ > 0, i.e. 700 < 0, /5o < 
(0 < Np < 9 in QCD). Here we have to require a > 0. As will be seen, the 
limit a — > of the asymptotic expressions does not exist in this case. In the range 
considered, we generally have ^ < 1 for QCD and similar theories. In order to obtain 
the asymptotic terms for Tlg"^; g'^,a), we have to evaluate Eq.(14), which involves 
a = aR~^. For ^ > 0, it is more convenient to use the asymptotic expansion of a 
as given in 

a{f-g',a) ^ ao + C{f)^ + —{ff^ + ■ ■ ■ 

' "° -0o(ao)^2 + ---, (27) 



where 



"0 = -700/701, C = Cnig , a), 

a 

$(ao) = C ^|^0o(ao) - ao0o(tto)^ , 

0o(tto) = -5-7i("o) - ^7o(ao)- (2J 
Po Po 
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Given this expansion for a, we obtain for the quark structure function: 

T{f;g\a) ^ C^/, a) |(^^)-^^ + ^(^T "^^^^ + • • • 

[ 7oo 

With ^ < 1 and 7foi/7oi < 1 for the theories of interest (7foi/7oi = 8/9 in QCD), 
only the leading term is singular for g'^ ^ and hence for k"^ oo. Under these 
circumstances, we can express the coefficient Ct^q'^.o) in the form 



Crig^, a) = (g^) ^oi ^ exp J ^dx i 



Pix) Pox ) 



(30) 



With Eg ■ (|29|) , using only the leading term, we obtain for B{k'^) in the case ^ > 
a > 



;2 \ 



-k'B{k\K\g\a) ~ CT{g\a)\-(3o\n-j +••• (31) 
in the limit fc^ — > oo, and for the discontinuity 

PB(A;^K^^^a) ^ Cr(^^a)7oo-^ -/?oln^ +•••• (32) 

7oi V l'^ 1/ 

Since —k'^B{k'^) diverges for ,^ > 0, we have no sum rule for a > 0. But the 
unsubtracted dispersion representation (|20D is certainly valid also for ^ > 0, a > 0. 

Let us now consider —k'^A{k'^, k^, g, a) = S{^, g, a) tor ^ > 0, a > 0. We again 
use Eq.(23), and find for the leading term, writing A(A;^) for brevity, 

- k'Aik') ~ Crig', a)So{ao) \-f3o In — j + • • • . (33) 

We certainly have superconvergence if A > 1, as we have assumed, since ^-^^ < 1 
in the theories considered. The discontinuity pA^k"^) then satisfies again the super- 
covergence relation (^6|), and it has the asymptotic limit 

-Pp^(A;2)^CT(/,«)^o(«o)/5of-A + ^ej (-/^oln^j +---.(34) 
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As we have pointed out, the asymptotic expression for Biji^) and y4(fc^) in the 
case ^ < (10 < Np < 16 for QCD) are vahd for the special case a = (Landau 
gauge), wheres those for ^ > (0 < Np < 9) do not allow the limit a ^ 0. In fact, 
for a = 0, the structure functions are independent of ^. This parameter only enters 
the renormalization group equation (9) via a, which is not renormalization group 
invariant parameter. 



7oo = : It remains to consider the case ^ = 0, i.e. 700 = and /3o < 0, for 
a > 0. For ordinary gauge theory we have 700 = for Np = ^Nc, so in QCD with 
Nc = 3, it is not of direct interest. But it could be realized for Nc = 4, etc. In 
N = 1 SUSY SU(Ai'c) theories with matter fields in the regular representation, we 
have 7oo = (Wess-Zumino representation) for Np = fiVc, and it is of interest for 
Nc = even. 

As has been pointed out, in the Landau gauge a = 0, we have no dependence of 
the quark propagator asymptotics upon ^. Hence, for all values of ^, the formulae 
( p!9D for Bik"^) and (p^ ) for A{k!^) are valid, setting a = 0, as are the sum rules 



( p2D and (|26|) . Although the asymptotic limit of the gauge field propagator function 
D(k'^) for 7oo = 0, Po < and a = is not needed here, we briefly present the 
leading terms, because they have not been reported elsewhere. We obtain in this 
case for fc^ — > : 



k'Dik') ^ i?(0;/,0) 1 + ^ -/3oln- +■■■ , (35) 




with R{0; g'^, 0) = exp /°2 dx ^'jf^^^ . We have the sum rule 

/oo 
dk^p{k-',K^g,0) = R{0;g^O). (36) 
-0 

In order to obtain the asymptotic terms for BikP') and Aik"^) in the case ^ = 
and a > 0, we need the properties of the gauge field propagator for this case, which 
also has not been given before. For -R(^, g, a) = R{g^:, g"^, a) = —k'^D{k'^^ k^, g, a), 
we have the asymptotic terms 

R{f;9\a) ^ ^lnf + Cno{g',a) + ---, (37) 
Po 
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where we know that CRo{g , a) = R{0; g\ 0). It follows that 



-k^Di^) ^ -2:^lnln^ + ---. (3J 

Po 



The asymptotic limit of the discontinuity is given by 

^ + (39) 

For a > 0, D{k'^) decreases less fast than and hence there is no sum rule. Once 
we have the asymptotic terms of the gauge field propagator D^k"^), we can evaluate 
Eq.(|l2D for T^g"^; g^, a). Keeping only the leading term, we find for ^ = and a > 
in the limit — > 0: 

T{f; g\ a) ^ Co{g\ a){\nf)-^ + ■ • • , (40) 
and hence for /c^ — oo: 

Clp' \ foi 
Inln-j +■••, (41) 

For the discontinuity p^, we obtain, for real /c^ — > oo, 

-eps{e) ^ -Co{g\af-^{\n^^ (^^^^^Rl)" ^^^^ 
The coefficient Cq in these relations can be expressed in the form 

fO /7^(x, a(x)) 1 \ 



Co(c/^a) = (In/)"— exp J^dxi- 



(43) 



P{x) 7oi xlnx J 

Since —k'^B{k'^) diverges for k'^ oo, there is no sum rule. 

In order to obtain the asymptotic terms of the function A(A;^) in the case ^ = 0, 
a = 0, we can again use Eg. (p3D . With our assumption for the weak coupling limit 
of yl(/c2, K^, g, a) in Eq.(||), we find 



PA(P)^Co(/,a)^o(0) -/?oln^ Inln^ +■■■, (44) 
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and for the discontinuity, 



, 2 \ -A-1 / , 2 \ 



A;VA(A;')^-Co(/,«)5o(0)/?oA(-/5oln-^l (Inln^) +■••. (45) 



We see that A{k'^) again vanishes at infinity faster than k 2, so that the supercon- 
vergence relation (EBf) remains vahd for A{k'^) with ^ = 0, a > 0. 



Finally we summarize the leading asymptotic terms for the structure functions of 
the quark propagator, and also include those of the gluon propagator, in particular 
for the case 700 = 0, which has not been given before. We use the following short- 
hand notation: i = ^, ao = 7F00 = 0; -eD{e, g\ K\a) = R{^, g, a) = 

R{g^] g^,C() = g = gi^^^g^), v = ^ , with corresponding relations for B 

with T and A with 5* respectively. We write C/j = Cfi{g^,a), and similarly for Ct 
as well as Cq ; T(0) = T(0; g"^, a), -R(O) = R{0; g'^, a), p = p{k'^, k^, g, a), ps and pa 
are the discontinuities of the corresponding structure functions. 



^ < : 7oo < 0, ^0 < 0, {13Nc < ANp < 22Nc), a>0 
~Cfi(-/3o In !;)-« + ■■ ■ 

T{v) ~r(o) + --- 

^(t;)~r(0)S'o(0)(-/3olnt;)-^ + --- 

/OO roo 
dk^PB = T(0), / dk^pA = 0, (A > 0). 

In the case a = 0, the results given above are valid for all ^ 7^ 0. 

^ > : 700 > 0, /3o < 0, (0 < ANp < ISNc), a>0 

ao 

T{v) -CT{-(3Qhiv)~^ + --- 

TFOl I 



S{v) ~ CrSo(«o)(-/?olnt;)^^'' + ■ • • 

/oo Q, POO 

d^p = — , / dk^pA = 0, (A > 1) 
-0 ao J-o 
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e = 0: 700 = 0, /5o<0, {mF = 13Nc), a>0 

R{v) ~ Inln V + • • • 
T{v) ~ Co (In In toi H 

7F01 

5"^) ~ Co (In In ^oi (^-jj^invy^ -\ 

/ dk^pA = 0, (A > 0) 
J-o 



e = 0: 700 = 0, /5o<0, {ANf = 13Nc), a = 
i?(^;) ~ R{0) (^1 + :^{-p,lnv)-' + • • • j 

/■oo 

/ = ^(0) 

Jo 

With ^ = 0, a = 0, the asymptotic terms for T{v) and S{v) are obtained by 
setting q; = in the case ^ < given above. 
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